Abstract -On a quantum memoryless channel, the highest fidelity of a quantum error-correcting code of length n and rate R is proven to be lower bounded
I. INTRODUCTION
The quantum capacity of a channel is the supremum of achievable rates on the channel, where a rate is said to be achievable if there exists a sequence of quantum errorcorrecting codes whose fidelity goes to unity as the code-length grows large. There is a gap between known upper bounds and lower ones on the quantum capacity in general. This work presents an exponential lower bound on the highest fidelity achievable by quantum error-correcting codes used on a quantum channel. This immediately yields a lower bound on the quantum capacity of the channel. The details can be found in Ref. [l] .
EXPONENTIAL FIDELITY BOUND
As usual, all quantum channels and decoding (staterecovery) operations in coding systems are described in terms of trace-preserving completely positive (TPCP) 1' inear maps. Given a Hilbert space H of finite dimension, let L(H) denote the set of linear operators on H. In general, every CP linear
is specified by a set of operators { M i } i e l in this way, we write M -{Mi}icz.
Hereafter, H denotes an arbitrarily fixed Hilbert space of dimension d , which is a prime number. A quantum channel is a sequence of TPCP linear maps {A, : L(H@'") -+ L(H@,)}. We want a large subspace C, H@'" every state vector in which remains almost unchanged after the effect of a channel followed by some suitable recovery operation R, : L(H@'") + L(H@").
A pair (en, 2,) consisting of such a subspace C, and a TPCP map R, is called a code and its performance is evaluated in terms of minimum fidelity where R,A, denotes the composition of A, and R,. Bras (.I and kets 1 . ) are assumed normalized.
Let Fi,k(A,) denote the supremum of F(C,, R,A,) such that there exists a code (e, , R,) with logd dimC, > k , where n is a positive integer and k is a nonnegative real number.
Our goal is to estimate FZ,,(A,) as precisely as possible. We assume {A,} is memoryless, i.e., A, = A@'" for some A : 
( 1) with w being a primitive d-th root of unity. As usual, D(PIIQ) = CIEx P(z)logd[P(z)/Q(z)I and H ( Q ) = -CreX Q(z) logd Q(z) for probability distributions P and Q on a finite set X. U E X A direct consequence of the theorem is that the quantum capacity of A is lower bound by 1 -H(PJ.).
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